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Denote by B;; the set of all k*-cycle resonant hexagonal chains with n hexagons. For any
B, € B}, let m(By,) and i(B;) be the numbers of matchings (=the Hosoya index) and the
number of independent sets (= the Merrifield-Simmons index) of B, respectively. In this
paper, we give a characterization of the k*-cycle resonant hexagonal chains, and show that
for any B, € B}, m(Hy) < m(By) and i(Hy) > i(By), where H, is the helicene chain.
Moreover, equalities hold only if B, = H,.

KEY WORDS: k*-cycleresonant hexagonal chain, helicene chain, Hosoyaindex, Merrifield—
Simmons index

1. Introduction

A hexagona system is a 2-connected plane graph whose every interior face is
bounded by a regular hexagon. Hexagonal systems are of great importance for theo-
retical chemistry because they are the natural graph representation of benzenoid hydro-
carbons [1]. A considerable amount of research in mathematical chemistry has been
devoted to hexagona systems [1-3]. A hexagona chain with n hexagons is a hexag-
ona system consisting of n regular hexagons Ci, Co, ..., C, with the properties that
(@ forany k, jwithl < k < j < n—1 Cand C; have a common edge if and
only if j = k + 1, and (b) each vertex belongs to at most two hexagons. Hexagonal
chains are the graph representation of an important subclass of benzenoid molecules,
namely, of the so-called unbranched catacondensed benzenoids. A great deal of mathe-
matical and mathematico-chemical results on hexagonal chains were obtained (see, for
example, [1-10]).

Let G = (V, E) be agraph with vertex set V(G) and edge set E(G). Let e and
x be an edge and a vertex of G, respectively. We will denote by G — e or G — x
the graph obtained from G by removing e or x, respectively. Denote by N, the set
{y e V(G): xy € E(G)} U {x}. Let S beasubset of V(G). The subgraph of G induced

* The work was partially supported by the Hong Kong Baptist University Faculty Research Grant; National
Natural Science Foundation of China (No. 10271105).

17

0259-9791/03/0100-0017/0 O 2003 Plenum Publishing Corporation



18 W.C. Shiu et al. / Extremal k*-cycle resonant hexagonal chains

f
p
,
aa‘ae d,

@ L, (b) Z, (c) H,

Figure 1.

by S isdenoted by G[S], and G[V \ S] isdenoted by G — S. Undefined concepts and
notations of graph theory are referred to [11,12].

Two edges of agraph G are said to be independent if they are not incident. A subset
M of E(G) is cadled a matching of G if any two edges of M are independent in G.
Denote by m(G) the number of matchings of G. In chemical terminology, m(G) is
called the Hosoya index.

Two vertices of a graph G are said to be independent if they are not adjacent.
A subset 1 of V(G) is caled an independent set of G if any two vertices of I are
independent. Denote i (G) the number of independent sets of G. In chemical termi-
nology, i (G) is called the Merrifield-Smmons index. Clearly, the Hosoya index or the
Merrifield-Simmons index of agraph is larger than that of its proper subgraphs.

We denote by B, the set of the hexagonal chains with n hexagons. Let B, € B,.
We denote by V3 = Vi3(B,) the set of the vertices with degree 3 in B,. Thus, the
subgraph B,[V3] is a acyclic graph. If the subgraph B,[V3] is a matching withn — 1
edges, then B, is caled alinear chain and denoted by L,. If the subgraph B,[V3] is
a path, then B, is called a zig-zag chain and denoted by Z,. If the subgraph B, [Vs]
isacomb, then B, iscaled ahelicene chain and denoted by H,,. Figure 1(a), (b), and (c)
illustrates L,,, Z,, and H,,, respectively, where B,,[V3] are indicated by heavy edges.

Note that the considered hexagonal chains include both geometricaly planar (e.g.,
L, and Z,) and geometrically non-planar (e.g., H,) species. It iseasy to seethat B; =
{Ly =2, =Hi}, B, ={L, =7, = Hy} and B3 = {Ls, Z3 = H3}. Let B, € B, and
label its hexagons consecutively by Cq, C», ..., C,. Thus, the hexagons C; and C, are
terminal and for j = 1,2,...,n — 1, the hexagons C; and C,11 have a common edge.
We aso denote B, by C1C>...C,.

In the topological theory of unbranched catacondensed hydrocarbons, mathemat-
ica chemists are interested in investigating extremal hexagonal chains with respect
to some topological indices, such as the number of Kekulé structures, Wiener index,
Hosoya index, Merrifield-Simmons index, graph eigenvalue and total w-electron en-
ergy (the total absolute values of eigenvalues of a graph) etc. [3,4,7,8,13-23]. Those
topologica indices of molecular graphs are of great importance in theoretica chem-
istry [14,16,24]. Among hexagona chains with extremal properties on topological in-
dices, L, Z, and H, play important roles. We list some of them in theorems 1.1-1.4.
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Theorem 1.1 (Gutman [4], Zhang [7]). Forany n > 1and any B, € B, if B, isneither
L, nor Z,, then

m(Ly) <m(B,) <m(Z,).

Theorem 1.2 (Gutman [4], Zhang [7]). Forany n > 1and any B, € B, if B, isneither
L, nor Z,, then

i(Zy) <i(By) <i(Ly).

Theorem 1.3 (Gutman[4], Zhang and Tian [8]). Denote by 11 (G) thelargest eigenvalue
of agraph G. Thenforany n > 1and any B, € B,, if B, isneither L, nor H,, then

)‘l(Ln) < )‘l(Bn) < )‘l(Hn)~

Theorem 1.4 (Zhang et a. [9,10]). Denote by = (G) the total w-electron energy of a
molecular graph G. Thenforany n > 1 and any B, € B,, if B, isneither L, nor Z,,,
then

m(Ly) < 7w(By) < m(Zy).

Let M be a perfect matching of G. A cycle C in G is an M-alternating cycle if
edges of C belongs to M and does not belong to M aternatively. A number of digoint
cyclesinagraph G are mutually resonant if thereis aperfect matching M of G such that
each cycleisan M-aternating cycle. A connected graph G with perfect matching is said
to be k-cycle resonant if G contains at least k (> 1) digoint cycles, and any ¢ digoint
cyclesin G, 1 <t < k, are mutually resonant. The concept of k-cycle resonant graph
was introduced by Guo and Zhang [25]. It is a generalization of k-coverable hexagonal
system induced by Zheng [26].

A graph G is called k*-cycle resonant if G is k-cycle resonant and k is the max-
imum number of digoint cyclesin G. Denote by B} the set of al k*-cycle resonant
hexagona chains with n hexagons.

In this paper, we give a characterization of the k*-cycle resonant hexagonal chains,
and show that for any B, € B}, m(H,) < m(B,) and i(H,) > i(B,), where H, isthe
helicene chain. Moreover, equalities hold only if B, = H,,.

2. k*-cycleresonant hexagonal chains

Any element B, of B, can be obtained from an appropriately chosen graph
B,_1 € B,_1 by attaching to it a new hexagon. Let B be a hexagona chain, C a
hexagon and rs an edge of C. It is easy to see that there are three types of attach-
ing: ((Y)r=a, s=b;(iiyr=>b, s=cand(iii) r =c, s =d asshowninfigure 2. We
call them «-type, B-type and y -type attaching, respectively. Following [4], we denote
by [B], the hexagonal chain obtained from B by 0-type attaching to it anew hexagon C,
where 6 € {«, B, y}.
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Figure 2.

Obvioudly, each B, with n > 2 can be written as [. .. [[[L2]s,]e,] - - .19, ,, Where
0 € {a, B, y}. Weset B, = 6,63...6,_1 for short.

Foreach j,if 6, = pthen B, = L,;if 6, € {o, y} and 6; # 6,11, then B, = Z,;
andif 6; =« (or y) then B, = H,.

Set
y if6 =a,
p=1p ifo =58,
a ife=y.

Obviously, the hexagonal chain B, = 86,65 . . .6,_1 isisomorphic to the hexagonal
chain E,, = ,35253 ce 5,,,1.

In[25], Guo and Zhang give some necessary and sufficient conditions for a graph
to be k-cycle resonant. We mention the following results which will be useful for our
results.

Theorem 2.1 (Guo and Zhang [25]). A connected graph with at least k& digoint cycles
is k-cycle resonant if and only if G is bipartite and, for 1 < r < k and any ¢ digoint
cycles Wy, W, ..., W, inG, G — Utj:l W contains no component of odd order.

Theorem 2.2 (Guo and Zhang [25]). Every 2-cycle resonant hexagonal system is
k*-cycle resonant, where k is the maximum number of digoint cycles in the hexago-
na system.
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By theorems 2.1 and 2.2, we can show that

Theorem 2.3. A hexagonal chain B, (n > 3) belongs to B if and only if B, =
CiCs.. .C,, = /39293. . .9,,,1, Whereej € {Ol, )/}, 2 < ] <n-1

Proof. First, notice that each hexagonal chain is bipartite. Suppose that B, =
B6263...6,_1 belongs to B, If thereissome j, 2 < j < n — 1, suchthat 6, = B,
thenitiseasy to seethat B, — C;_1 — C;1 contains two components of order one. This
contradicts that B, is k*-cycle resonant.

Now, suppose that B, = B6.63...6,_1 is a hexagonal chain with 6, € {«, v},
2 < j < n— 1. Firgt, we show that B, is 2-cycle resonant. Let C be any cycle of B,,.
Obvioudly, B, — C contains no component of odd order. Let C, C’ be any two digoint
cyclesof B, and let B,(C) and B, (C’) be the sub-chains of B, whose boundary are C
and C’, respectively. Assumethat B, (C) = C;Ci;1...Cj and B,(C') = CCry1...Cy,
1<i<j<k—-2<1l—-2<n—-2 ltiseasytoseethat inthiscase, B, — C — C’
contains three components of orders 4(i — 1), 4(k — j — 2) +2 and 4(n — 1), respectively.
Thus, by theorem 2.1, B, is 2-cycle resonant, and hence, B, is k*-cycle resonant by
theorem 2.2. a

By theorem 2.3, every element B, of B can bewritten as B, = f6,0s. . .6,_1 with
0 € {a,y},2< j <n—1Clearly, H, and Z, are k*-resonant.

Denote by K (G) the number of perfect matchings (in chemical terminology, it is
called the number of Kekulé structures) of G. In [4], Gutman pointed out that it is well
known that all fully-angularly annulated hexagona chains (with a given n) have equal
and maximal K-value. Hence, by theorem 2.3, al k*-cycle resonant hexagona chains
have equal and maximal K-value. It is easy to see that the equal and maximal K -values
K(B,), n = 1,2,..., are Fibonacci numbers with the initial values K(B;) = 2 and
K (By) = 3.

3. Extremal propertiesof H,

Among many properties of m(G) and i(G) [16,24]; we mention the following
results which will be used later.
Claim 3.1. Let G be agraph consisting of two components G1 and G,. Then

(@ m(G) = m(G1)m(G2);

(b) i(G) =i(G)i(G2).

Claim 3.2. Let G beagraph.
(@) Supposeuv € E(G). Thenm(G) = m(G — uv) + m(G — u — v).
(b) Supposeu € V(G). Theni(G) =i(G —u) +i(G — N,).
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Figure 3.

Claim 3.3. Let G beagraph. For each uv € E(G),
@ mG)—m(G—u) —m(G—u—v) 20
(b) i(G) —i(G—u)—i(G—u—v)<0.

Moreover, equalities hold only if v is the unique neighbor of u.

Let B, = C1C>...C, beaany given hexagonal chain. Foreachk, 1 <k <n-—-1,
weset B, = C1C,...Cr. Weuse si_1, t_1, ax, b, ¢ and d; to label the vertices of C;
such that s;_1#,_1 isthe common edge of C;_1 and Cy, and sy _1ax, ayby, brcy, crdy and
dit,_, arethe edges of C;. The case k = n isshown in figure 3.

By claims 3.1 and 3.2, we obtain the following recurrences:

m(B,) 5 3 3 2
m(B, — a,) 3 020
mB,—c,) |=]2 121 851 Sn—1 (1)
m(B, — dy) 3200 (1’9"(3'51 -y :
m(B, — a, — b,) 2 0 1 of \"MPt T
m(B, —c, —d,) 21 00
and
i(B,) 3221
i(Bn - an) 3020 i(Bn—l)
i(Bn - bn) 2 211 i(Bn—l - Sn—l) (2)
Z(Bn —dap — bn) 2 010 i(Bn—l - tn—l) )
Z(Bn - Na,,) 0 201 i(Bn—l — Sn-1— tn—l)
Z(Bn - Nb,,) 1 010

To demonstrate how to obtain the above relations, we prove the first identity. By
applying claims 3.1(a) and 3.2(a) repeatedly we have

m(B,) =m(B, — s,-1a,) + m(B, — s,_1 — a,)
= m(Bn — Sp—1d, — tn—ldn) + m(Bn — Sp—1Gy — -1 — dn)

+ m(Bn —Sp—-1— 4 — tnfldn) + m(Bn —Sp—1— 4y — 1 — dn)
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=m(B,—1)m(Ps) + m(B,—1 — t,_1)m(P3)
+m(By—1 — sp—1)m(P3) + m(B,—1 — sp—1 — tp_1)m(Pz)
=5m(B,-1) +3m(B,-1 —t,-1) + 3m(B,_1 — 5,-1)
+2m(By-1 — Sp-1— th-1),

where P,, isthe path with m vertices.

Lemma3.1. Forany B, € B} (n > 1) and {u, v} = {a,, b,} (seefigure 3), we have
@ m(B,) +m(B, —u) — 2m(B, —v) —m(B, —u —v) > 0;
(b) i(B, —u —v)+i(B, —N,) — 2i(B, —N,) > 0.

Proof. Sincem(B1) = 18, m(B1 —u) =8 m(By—u—v) =5,i(Bi—u—v) =8
andi(B1— N,) =5=1i(By— N,), thelemmaholdswhenn = 1. Soweassumen > 2.
(a) Supposethat u = a, and v = b,,. By (1) we have

m(Bn) + m(Bn - an) - 2’"(Bn - bn) - m(Bn —a, — bn)
= 2’7’1(an1) - m(anl - Snfl) + 2’7’1(an1 - tnfl)~
Since B,_1 — s,_1 isaproper subgraph of B, 1, thus, m(B,_1) > m(B,_1 — s,_1), and
hence, m(B,) +m(B, — a,) — 2m(B, — b,) — m(B, — a, — b,) > 0.
Supposethat u = b, and v = a,. By (1) we have
m(Bn) + m(Bn - bn) - zm(Bn - an) - m(Bn —a, — bn)
= -—m(B,_1) + Sm(anl —Sp—1) —m(B,_1 —t,-1) + 3m(Bn71 — Sp—1 — y—1)-
In order to prove that m(B,,) + m(B, — b,) — 2m(B, — a,) —m(B, — a, — b,) > 0,
it suffices to show that 5m(B,,_1 — s,—1) > m(B,_1) and 3m(B,_1 — $y_1 — ly_1) >
m(Bn—l - tn—l)-
Notethat, since B, isak*-cycle resonant hexagonal chain, we must have that either
Sp—1=0y_1,tp—1 = by_1 OF §,_1 = Cy_1, tn_1 = dy_1. MoOreover, B,_1 € B;_;.
If s,_1 =a,_1,t,_1 = b,_1, then by (1), we get that
Sm(anl - snfl) - m(anl)
= Sm(anl —ay-1) —m(B,_1)
= 5[3m(Bn—2) + zm(Bn—Z - tn—Z)]

- [Sm(Bn—Z) + 3m(Bn—2 - sn—Z) + 3m(Bn—2 - tn—Z) + zm(Bn—Z — Sp—2 — tn—Z)]
= 1om(Bn—2) - Sm(Bn—Z - Sn—Z) + 7m(Bn—2 - tn—Z) - zm(Bn—Z — Sp—2 — tn—Z)-
Since B,_»—s,_p,and B,_,—s,,_»—t,_, arethe proper subgraphs of B,_, and B,_>—t,_»,

respectively, we can get 5m(B,,_1 — s,_1) — m(B,_1) > 0inthis case.

Similarly, we can show that 5m(B,_1 — s,_1) > m(B,_1) inthe case s,_1 =
Cn-1,Ih—1 = dn,]_, and that 3m(Bn71 —Sp-1— 1) >m(B,_1 — f,-1).
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Figure 4.
(b) Similar to the proof of (a), by (2) we get
i(B,)+i(B, —N,,)—2i(B, — Np,)
=i(By-1) +4i(By-1— sp-1) + 20(By—1 — Sp-1 — Ip-1),
and
i(B,) +i(By, — Ny,) — 2i(By — Ng,)
=4i(By-1) +3i(By-1 —ty-1) — 20(By1 — $y—1) —i(Bpo1 — $p-1 — lp-1).

Noticethat B,_; — s,_1 and B,,_1 — s,,_1 — t,,_1 are the proper subgraphs of B,_;
and B,_, — s,_1, respectively. Therefore, i(B,,) + i(B, — N,) — 2i(B, — N,) > Ofor
{M, U}:{anv bn} Il

Let A* and B be two hexagonal chains, where A* is obtained from the hexagonal
chain A by attaching a hexagon H. The vertices of H arelabeled a, b, ¢, d, g and p as
shown in figure 4(a). Let r and s be two adjacent vertices of B of degree two. Now, we
denote by G, the hexagonal chain obtained from A* and B by identifying ¢ and r, and
d and s, respectively (figure 4(b)); and by G,, the hexagonal chain obtained from A*, B
by identifying a and s, and b and r, respectively (figure 4(c)).

Lemma3.2. Let A, B, G, and G, bethe k*-cycle resonant hexagonal chains shown in
figure 4. We have

@ ifm(A - p) >m(A —q), thenm(G,) > m(G,);

(b) ifi(A—p) <i(A—¢q), theni(G,) <i(G,).

Proof. (&) By claims 3.1(a) and 3.2(a), we have the following:
m(Gy) = {m(A) +m(A — p)}{m(B) + m(B —r)}
+{mA—-q)+mA—-p—q}{mB—s5)+mB—r—ys))
+m(A)ym(B) + m(A — q)m(B — s)
and
m(Gy) = {m(A) +m(A — q)}{m(B) +m(B — r)}
+{mA—-p)+mA—p—g}{mB—s)+mB—r—s))}
+m(A)ym(B) + m(A — pym(B —s).
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Thus,
m(G,) —m(Gy)
={mA—-p)—mA—-q}{mB)+mB—r)—2m(B —s) —m(B—r—s)}.
By lemma3.1(a), m(B) + m(B —r) — 2m(B — s) — m(B —r — s) > 0. Therefore, if
m(A —p) > m(A —q),thenm(G,) > m(Gy).
(b) By claims 3.1(b) and 3.2(b), we have the following:
i(G)={2i(A) +i(A—p)}i(B—r—s)+{i(A)+i(A—-p)}i(B-N,)
+{2i(A—q)+i(A—p—q}i(B—N,)
and
i(Ga)={2i(A) +i(A=q)}i(B—r—s)+{i(A) +i(A—q)}i(B—N,)
+{2i(A—p)+i(A—p—q)}i(B—Ny).
Thus,
i(Gy)) —i(Gy) ={i(A—p)—i(A—}{i(B—r—s)+i(B—N,) —2i(B— Ny}
By lemma3.1(b), i(B —r —s) +i(B — N,) — 2i(B — N;,) > 0. Hence, if i(A — p) <
i(A—¢q),theni(G,) <i(G,). O

Let H, = C1C>...C, be ahelicene chain. We |abel the common edge of C; and
C; as pyq1; and for each k, 2 < k < n, welabel the vertices of V(Cy) — V(Cy_1) as
Pr» Gk, ¢ and di such that py_1pk, prqe, qicr, crdi and diq;—1 are edges in H, (see
figure 1(c)). Infigure 3, if let B, = H,, B,_1 = H,_1, $y_1 = Pn_1, tai_1 = gn_1, then
a, = p, and b, = ¢q,. By (1) and (2) we get

m(H,) 5 3 3 2 m(H,_1)
m(H, — pu) _ 3020 m(H,_1— pu-1) A3)
m(Hn - Qn) - 2 211 m(anl - anl)
m(H, — pn — qn) 2 010 m(Hy,—1 — pn-1— Gn-1)
and
i(H,) 3 2 21 i(H,_1)
i(Hn - pn) 3020 i(anl - pnfl) (4)
Z(Hn - Qn) 2 211 i(anl - anl) '
i(Hn — Pn — Qn) 2 010 i(anl — Pn-1— anl)
Let
ch = m(Hn) - m(Hn - pn) - m(Hn — Pn — Qn)
and

an = I(Hn) - i(Hn - pn) - i(Hn — DPn _Qn)~
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Lemma3.3. Forn > 1, we have
(@ @, isastrictly increasing function of n;

(b) W, isadtrictly decreasing function of n.

Proof. (a) Itiseasytoseethat ®; = 5and &, = 34.
By (3), we can get
o, = 3m(Hn—l - pn—l) +2m(H, 1 — Pn-1— Qn—l)-
Forn > 3, we have
©, —d, 1= 3{m(anl — Pn-1) —m(H,—2 — pn72)}
+ z{m(anl — Pn-1—qn-1) —m(Hy—2 — py2— QVHZ)}-

Since H, » — p,_pand H, » — p,_» — g,_» are the proper subgraphs of H, ; —
pn—1and H,_1 — p,_1 — q,—_1, respectively, m(H,_1 — p,—1) > m(H,_2 — p,—») and
m(anl — Pn—1— anl) > m(Hn72 — Pn-2— Qn72)- Thereforel ch > CI>nfl-

(b) It lseaw toseethat i(Hy) = 18, i(Hy — p1) =13 and i(Hy — p1—q1) =8
ThUS, VU, = -3, v, = —10and Vs = —190.

By (4), we get that

\I’n = _Zi(anl) + 2i(l—lnfl - pnfl) - i(anl - anl) + i(anl — Pn—1— anl)
= _6i(Hn—2 - pn—Z) - 3i(I_In—Z — Pn-2— Qn—Z)-

Thus, for n > 4, we have that
v, -, 1= 6{1.(Hn73 — Ppn-3) —i(H, 2 — pn72)}
+ 3{i(Hi—3 — pn-3— qn-3) — i(Hy—2 — Pu—2 — qu—2) }.

Since H, 3— p,_zand H,_3— p,_3—q,_3 arethe proper subgraphsof H, >—p,_»
and H, > — Pn—-2 — 4n-2, req)eCtiveI% we have that i(Hn73 - pn73) < i(Hth - pn72)
and i(H,—3— Pn-3 — Qn73) <i(Hy—2— Pn-2 — Qn72)- Therefore v, < W, ;. O

Lemma3.4. Let H, beahelicene chain. Then
(@ m(Hy — p1) = m(Hy — q1), and for eachn > 2, m(H, — p,) > m(H, — q,).
(b) i(Hl - pl) = i(Hl - fh), and for each n = 21 i(Hn - pn) < i(Hn - Qn)
Proof. It is easy to obtain that m(Hy — p1) — m(Hy — q1) = 0 and m(Hs — p2) —
m(Hy — g2) > 0. Forn > 3, by (3) and (4) we have
m(H, — pn) —m(H, — Qn) =m(H,—1) —m(H,_1 — pnfl) —m(H,_1 — Pn-1— anl)
- {m(Hn—l — Pn-1) —m(H,-1 — %—1)}
- chfl - {m(anl - pnfl) - m(anl - anl)}
=(®,1— P2 + {m(Hn72 - pn72) —m(H, 2 — Qn72)}
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and

i(Hy — pp) —i(H, — qu) ={i(Hy—1) — i(Hy—1 — pu—1) — i(Hy—1 — pp—1— Gu-1)}
—{i(Hy-1 — pn—1) — i(Hy—1 — gu-1) }
=W,_1+ {i(Hy-1 — gu—1) — i(Hy—1 — pu-1)}
= W1 — Vy2) + {i(Hy—2 — pu—2) — i(Hu—2 — qu—2)}.

By lemma 3.3(a), we have ®,,_; — ®,_, > 0. Hence, we get that for eachn > 3,
m(Hn - pn) > m(Hn - qn)-

Simllarly, we can obtain i(Hi—p1)—i(Hi—q1) = Oand i(Hy—p2)—i(Hy—q2) <
0. By lemma 3.3(b), we have ¥,,_; — ¥, _, < 0. Hence, we get that for eachn > 3,
i(Hn - pn) < i(Hn - q;z)- D

Theorem 3.5. Forany n > 1and any B, € B}, we have
(@ m(H,) < m(B,) <m(Z,);
(b) i(Hy) = i(By) = i(Zy),
with relevant equalities holding only if B, = H,,,oronly if B, = Z,,.

Proof. We only need to verify the first inequalities of (&) and (b) according to the-
orems 1.1 and 1.2. Let B, € B} be the hexagonal chain with the smallest number
of matchings (the largest number of independent sets, respectively). By theorem 2.3,
B, € B} canbewrittenas B, = B6203...0,_1With6; € {o, y},2 < j < n—1. Assume,
without loss of generality, that 6, = « (otherwise, we consider B, = B0.03...0,_1).
Suppose that B, # H,. Since B} = {Hi}, B; = {H,} and B} = {Hs3}, we have that
n = 4. Let6; bethefirst element of 6,, 63, ..., 6,_1 suchthat §; = y. Thus, j > 3, and
Bn = ﬂO( . .O()/@H_l. .. 9,1_1.

Referring to figure 4, st G, = B, = fa...aybj1...0,-1, A = Pa...a =
Hi_1, p=pjiandqg=gqj_1.Let Gy, = Pa ... aabji1...0, 1.

By lemma 3.4(a) (lemma 3.4(b), respectively), wehavem (A —p) > m(A—q) (and
(A — p) < i(A— q), respectively). By lemma 3.2(a) (lemma 3.2(b), respectively), we
have m(B,) > m(G,), (and (B,) < i(G,), respectively), which contradicts the choice
of B,. The proof of theorem 3.5 is complete. a
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